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Dynamical scaling for spinodal decomposition—a small-angle
neutron scattering study of porous Vycor glass with fractal
properties
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Abstract. A model is developed for analysing small-angle scattering data for systems undergoing
spinodal decomposition. This model is expressed as an integration of a series of Fourier
components of the density Auctuation A(#) sin(8r+¢) based on Cahn's linear theory of spinodal
decomposition. Hence the time evolution of the characteristic crossover phenomenon and the
width of the crossover of the scaling function of the structure factor are predicted to be associated
with the maximum spinodal wavenumber fr, and the correlation length &, respectively, The
rough surfaces and fractal network of porous materials are also considered in the model. Results
of calculations based on this model are compared with small-angle neutron scattering data for
dry and wet porous Vycor glass and give an excellent agreement.

1. Introduction

Small-angle scattering ($AS) of neutrons and x-rays have been widely used to study the
kinetics of phase separation (nucleation and spinodal decomposition) of quenched binary
alloys [1], glasses [2] and liquid mixtures [3]. The determination of the properties of such
materials is of great importance from both theoretical and experimental points of view.
The process of spinodal decomposition has been relatively well studied in the past. The
existence of dynamical scaling, i.e. a structure factor S{Q, #) for the spinodal decomposition
of binary mixtures has been proposed by several authors, based on phenomenological and
statistical models [4-6] as well as on detailed computer simulations [7,8]. However, a
satisfactory model of a scaling structure factor that could fit both early and late stages
of the time evolution of the structure function is still not available. A fairly successful
approximation was developed by Langer er al {9] and this has been extended by Kawasaki
and Oita [10], Binder eral [11], Billotet and Binder [12] and Horner and Jungling [13]; this
theory yields a prediction for ${Q, ¢) in fair agreement with the computer simulations during
the early stages, at least for quenches at the critical concentration. A simple relationship
for the later stages of decompoesition has been proposed more or less independently by a
number of authors [3, 14]: the structure function S(@, r) for an isotopic three-dimensional
system obeys the scaling relationship $(Q, ) & K3 F[Q/K (1)), where K (1) is some
characteristic time-dependent length. However, a quantitative theory for predicting both
K@) and F[Q/K(t)] is still not available. There have been several attempts to predict
F[@Q/K{(t)]. The first theoretical prediction that the structure function should scale was
made by Binder and Stauffer [4]. Their work primarily dealt with predicting the growth rate
of clusters in terms of the cluster-reaction model. There are only two adjustable parameters
in this model, and hence it seems likely that this scaling theory is too simplified to be
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accurate, Wiltzius er af [15] used a very similar model to fit ${Q) for porous Vycor glass.
The results are rather unsatisfactory; however, recently Hobr et al 16 suggested a ligmd-
like hard-sphere mode! for porous Vycor glass as used in scattering from microemulsions
[17], except that the spheres are repfaced tiy clusters with a fractal smrface. The resulting
scattering curve has a sharp peak at 0.025 A~ together with a series of oscillations on the
high-Q side that were not observed in experimental data. There are several other models in
the literature [18-20], but they also have their drawbacks. In the present paper, we represent
a new approach based on Cahn’s linear theory for spinodal decomposition [21], where both
the fractal rough surface and fractal pore network of the porous media are also taken into
account. The small-angle neutron scattering (SANS) data from porous Vycor glass, which is
produced by spinodal decomposition following which one component, B,Os, is leached out
using acid, have been well fitted using this model. For the first time, this model gives an
analiytical formula for the scattering function F[Q/K (¢}] which can be applied to a variety
of other systems undergoing spinodal decomposition.

2. Theory

For an inhomogeneous system consisting of two separated macroscopic domains that can
be distinguished by different nuclear species, the scattering intensity per vnit volume from
the sample is given by

N N
Q) = V”](Zanbm expliQ - (r, — T'm)]) ()

where N is the total number of atoms in the system, V is the volume of the sample. Q is
defined by @ = ko — k), where &g and &, are the incident and scattered wave vectors of
the radiation, and 7, and r,, are the position vectors of the nth and mth atoms, respectively.
When the masses of the molecules in the sample are significantly greater than the mass of
a neutron, the energy transfer between the nucleus and neutron is negligibly small, hence
ko =k =2 /A and Q = 4 sind/X; X is the neutron wavelength, @ is the half scattering
angle and V is the volume of the sample. Because small-angle scattering detects large-
scale compositional or density fluctuations, it is more convenient to consider each domain
(cluster) as a scattering centre. The position vector of the nth nucleus in the ith cluster can
be represented by a sum of R; + ry,, where R; is the position vector of the centre of mass
of the ith cluster and 7;,; is the relative position vector of the atom » in the cluster. Thus
the intensity can be expressed as

Q)= v“( 3 expliQ (R~ RY1Y Y bunbm expli@ - (r, — r_,-m)l). @)
i noom

i
We can define the form factor as

F(Q) =Y binexpliQ - 7ir) (3)
n
or alternatively as

F(Q) = f [ pu(r) expliQ - 7114V, @
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where pi(Ti) = 3, bin8(r — 1iz)/ Vi is defined as the scattering length density of the ith
cluster centred on R; and V; is the volume of the cluster. If we wish to describe the scattering
from clusters in a vniform density pg background, it is convenient to modify equation (4) by
subtracting pp everywhere as a constant-density component that only contributes to oo (Q)
in the forward direction (@ = 0), i.e.

F(@) = ff[ﬂi('ri) ~ polexpliQ - m:1dV; Q#0. 5

If the system has identical spherical particles, the form factors are the same, and hence the
coherent scattering intensity can be written in the familiar form

Lan(@) = (N/V)FH@Q)S(Q) {6

where N is the total number of clusters and F{€2) is obtained from the spherical particles.
The structure factor ${(Q) is

S(@Q) =N (Z > expliQ - (B; - R,-)]>. 7
P
For a polydisperse system the coherent scattering intensity takes a more complicated form
N N
QY= V™'Y 3" F(QF(Q) expliQ - (R; — R)). (8)
P

Because F; varies from cluster to cluster for such a system, this summation is difficult to
evaluate. However, we can average the form factors by introducing a function {22]

Q. R) = fo JC Fopy(Foo QY pr(Fir Q) — pa(Fi, Fy B, Q))F, dF, dF, ©

where p; is a probability density function of the form factor F; between the values of F;
and F; - dF;, while p; is a similar function concerning ensembles of factors F; and F;,
where F; and F; are functions of Q. When r — o0, 5(Q, R) — 0 so that equation (7)
can be rewritten {22]

N o0 : 00 .
1@ =y (P@rr@y [ anrtter 152 o [" eow@ 2o )
(10)
where
F@) = [ R@pIRQ)IFQ
‘ (1

(FAQ)) = fu F(QF Qi FAQIF Q).

The first term in equation (10) is the contribution from individual clusters, the second term
is related to the density fluctuation in the system and is model dependent, and the third term
is a correction term associated with the size distribution of the clusters and the correlation
between clusters as a function of r. We will discuss these terms individually as follows.
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2.1. The first term—scattering from separated particles

The general expression for the first term of equation (10) is
N v
h@ = W/VIFHQ) = 5 3 AlR(@IFHQ) (12)

which means that the total scattering is simply the sum of the scattering intensities for each
different type of cluster weighted by its respective probability distribution, p;[F;(Q)]. For
smooth surface clusters, the Porod approximation [22] is valid for all the individual clusters,
particularly the largest. Therefore, the principal part of the curve of F?(Q) at large Q (i.e.
0 > 1/a, a being the radius of the cluster) is given by the function [22] 2 (0; — ps)*5:/ 0",
where S; is the surface area of the ith cluster. When @ = 0, F2(0) = V2(0; — p;)°. Hence,
equation (12) can be written as

v? 0=0

28,/ 0 Q> lJa. (13

1(Q) o< 3 pilps — ps)z{

The scattering from the rough surface of the clusters can be considered as many self-
similar small islands on a two-dimensional surface (a two-dimensional fractal). Therefore
the density correlation function g(r)} o r2=2, where 2 < D < 3. Hence, the scattering
intensity is proportional to S; U+, where this term is also valid at D > 1/a, because
the surface area is limited by the radius of clusters. Equation (12) can be rewritten for large

Q as
1(Q) =Y 2npilp; — o5 Q™D (14)

2.2. The second term—spinodal decomposition

Consider an inhomogeneous solution whose composition changes around an average
composition ¢p. The free-energy difference between the initially homogeneous solution
and the inhomogeneous solution can be written

2
AG = f {%mﬂ — ol + x{Vc(r)]z} dr (15)

where f is the free-energy and « is the gradient of the energy coefficient. If 8% £/9c2 > 0,
the solution is stable to all infinitesimal fluctuations. On the other hand, if 82 f/8¢c2 < 0,
the solution is in an unstable state, in which case spirodal decomposition occurs. The
mathematical theory of spinodal decomposition, originally proposed by Hillert [23] and
developed by Cahn and Hilliard [24] is based on a general diffusion equation containing
terms in the gradient of the concentration. The solution of the equation has been given
by Cahn in a linear form by means of a series of Fourier expansions of the concentration
fluctuations, the ith component sinusoidal having a fixed wavenumber §;, but with random
directions and phase constant ¢(5;)}, being of the form

ci(r, 1) — co = A(B;, Y explBi - r + (B8] (16)
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where

A(Br, £} = Ag(B:) explw(8;)¢].

Summing over all possible solutions gives

o) — o = f AB, 1y expl - 7+ p(B)]dB. (17

The value of Ag(@) is a slow function of 3 at t = 0 given by

Ao(B) = exp[-w(B))] f fe(r, ) — co)lexp(if - ) dr (18)

where the w(3) is an amplification factor determining the rate of growth or decay of the
Fourier component and depending on the physical characteristics of the system, such as
atomic mobility, energy gradient terms and external influences. w(3) is positive only in
the spinodal region. Cahn has shown that as the decomposition proceeds, in crder to satisfy
the generalized diffusion equation,

dc/dt = M(3f219c?) Vi — 2Mi Ve (19)
where M is an atomic mobility (M > 0}). The solution to this equation gives
w(f) = —M[ f(c)/3c"1B> — 2MxB*  O<fB<phe (20)

where B is the maximum wavenumber. The amplification factor w(8) is positive in the
spinodal region (see figure 1). Therefore, the maximum wavenumber B is given by

B2 = —[8*f(c)/ac) /2. @n
T nan LS EU L e A
L ]
ol 3
- ]
12 - __-
s F j
z 8 I -
o b & P S o
Q 0.05 0.1 0.15 0.2 0.25
B A

Figure 1. Diagram to illustrate schematically the behaviour of the amplification function w(g, )
as predicted by Cahn’s linear theory (the function w(g, s} is normalized to unity). 5 is the
maximum wavenumber and fn = fc/./2.
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The spinodal wavenumber having maximum amplification in the system can be obtained
from equation (20) as S, = B./+/2. Because the free energy f(c) is a function of time ¢,
B, also changes with time as illustrated in figure 1. Therefore, the pair correlation function
G{(r, ) can be written as

G(r,n)=N""! f[c('r', 1) —cplle* (e — 7, ) ~ epl dr’ (22)
= TN AGLOA B, 0) [ explilB—B) 1B 0B 9B T
ke
As one knows that

f expli(B: — B)) - ¥1dr = @x)5(8; — B)) @)

all cross terms (i.e. i # f) are zero, which means that there is no interference between
different sinusoidal wavevectors of the density fluctuation, and all the phase terms ¢ are
cancelled. The pair correlation function can thus be expressed as the sum of all Fourier
components of the density fluctuations, each component being weighted by the amplification
factor A%(B, 1), i.e.

G(r,ny =) 2uN" A*(B1, 1) exp(if; - 7). (24)

Consider a system that is homogeneous on a large scale where the averaging over all possible
directions of 3; gives

(exp(i; - m)) = sin(Bir}/ Bir (25)
and hence equation (24} can be written as

_ sin{B;r)
Gir,1) = Zznw VA%, I)T' (26)

In a real system, the long-wavelength fluctuations must break down at large scale as in other
systems [25]. We therefore introduce an exponentially decaying term that has a correlation
length £. The pair correlation function can now be written as

G'r,8) = Glr, yexp(—r/§) = D 2w AX(Bi, D) sin(Bir)(NBir)y ™" exp(—r/£). 27

Hence the total structure factor can be written as [26]
sin Qr

or

= > sV AT, ) f Siggr [sin(Bir) exp(—r/E)] dr. (28)

Since sin(Q2r)sin{8r) can be written as [cos{Q — B)r - cos(Q -+ B)r]l/2, Fourier
transformation of the function sin(8;r) exp(—r/£) gives S(@, #) in the following form:

; B ;
T+ (0 - AP [1+(0+6%7

dr

S0,0 =f4:"rrG’{r, 1)

S(Q, 1) = Z_4x2A(ﬁ,-. N2(NQB)™! { } (29)
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As can be seen, the total structure factor is a summation over a set of multi-Lorentzian
terms and each term (or each Fourier component of §;) satisfies the scaling relationship as
discussed in the introduction.

5:Q. 1) o exp[2W(B;, t1E3s[(Q/Bi), Bik] (30)

where s(x, &) = {1+ (x = 12?2}~ {1 4 (x + 1)%e?], which has a maximum when o = ;&
and x = (2/8;). Finally, as an alternative, we can write an integrated form of equation
(29) as

Be £ £
S(Q, ¢ A%, 1 - { - ] dg. 31
@ [ #6000 o -y e O
Thus the total coherent scattering intensity from the second term in equation (10) can be
written as

{ ¢ B g } 05
[1+(2-8)% [1+(Q+ 5% '
(32)

B
{0, 1) x {F(Q))EL AXB, 1(QB)”

Here (F{0))* # P(Q)(= (F*(Q))). They are equal when the system consists of a single
particle size. For porous Vycor glass, the pores are produced by the spinodal decomposition
process. Evidence suggests that the B3;O; cluster distribution is rather monodispersed.
Therefore, we could ignore the variation of F;(Q) (ie. the deviation of {F(Q))* from
(F2(Q))). Hence, (F(Q))? = P(Q).

As can be seen, the integration of equation (32) is not possible, because the amplification
factor A(B, t) o exp[w(B)¢] has a complex exponential form. However, in the later stages
(i.e. large 1) of spinodal decomposition, the amplitudes of the sinuseidal waves have been
weighted by A(B,?) in a very narrow region centred around B, When t — 00, A(B,1)
becomes a delta function §(f — Bn). Hence the component with wavenumber 8, dominates
the scattering. Hence equation (32) can be simplified as

1(Q, 00) & POX@B)™HE/IT +(Q — Bu)*E°] — £/[1 + (2 + Bu)’E"1}. (33)

Figure 2 shows S(Q,¢) at a series of quenching times ¢, assuming that By increases as
t7}/8, as given by Binder and Stauffer [4]. The results are qualitatively similar to Monte
Carlo simulations [7, 8] and experimental studies [1,2]. Quantitative testing of this model
would need to be carried out for a system undergoing spinodal decompaosition to fit a series
of data sets at different quenching times, especially in the early stages.

2.3. The third term—scattering from disordered systems—fractal geometry

Since the fractal concept was introduced by Mandelbrot [27], it has been successfully used
to describe a wide range of disordered systems and irregular structures, such as branched
polymers, percolation clusters, silica gel, colloid aggregates, cements and the rough surfaces
of porous media. Porous Vycor glass (Corning 7930) has been proposed as 2 volume fractal
with dimension 1.7£0.12 on an inter-pore scale by Even et af [28] based on EET (electronic
energy transfer) measurements. Recently, our SANS measurements have shown very clearly
an extra scattering component in the very-low-Q region from the porous Vycor glass but
only when the pores are partially saturated with water during desorption processes [29].
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Figure 2, The dynamic scaling of the quenching Figure 3. Typical scattering intensities from equation
process during spinodal decomposition. The function  (36). (1)} /(@) is the scattering intensity from all
$(0. 0 is calculated using equation (38) at various  individual clusters; (2) f2(Q) is the scattering from
scated times 1. the density fluctuation of spinodal decomposition; (3)

[3(@2) is the intensity from a network of empty pores.

This component has a fractal dimensions in the range from 1.65 to 1.75. We believe that
this feature can only be seen when the pores are being emptied by reducing the partial water
vapour pressure, the effect being at its maximum when the remaining pores are filled with
an Hy0/D;O water mixture chosen to have a scattering length density to match the silica
matrix. Here the distribution of empty pores, a percolating system, has its own correlation
length. This extra scattering component can be described by the third term in equation (10},
e.g.

sin Or
or

sin QOr
—d
or &

1(0) f 2b(@ 1L 4 ~ (F@QYe(l - o) f &"(r) (34)

where ¢ is the fraction of the total number of empty pores and the function G"(r) is
frequently given as (I — Cr®=2)exp(—r/£’) [25]. The correlation length here is written as
E' in order to distinguish it from the correlation length § of the spinodal decomposition.
Fourter transformation of G”(r) gives the third component of the scattering intensity

B(Q) = P{=§°/11 + Q%"F
+ CT'(5 = D)§"® P sin((5 — D) tan™'(Q4")/ QU + Q6715727 (35)

2.4, Summary

The total coherent scattering intensity can now be written as

Lan(Q, 1) < L(@) + 1(Q. 1) + 1(Q). (36)



Dynamical scaling for spinodal decomposition ' 359

For a system undergoing spinodal decomposition, I3(Q) is zero, because ¢(1 —¢) = 0. For
the late stages of spinodal decomposition, the very narrow range of Fourier components
around B has been well developed, as shown in figure 1. This also has been illustrated by
Dozier er el [30] for Vycor using a 500-point nitrogen desorption technique, which shows
the pore size distribution to be rather monodisperse. Therefore we can assume that A(8) is
a delta function, (8 — Bn), so that the intensity is of the form

Lan(Q, 1) & P(Q, Bu)Sum( 2, 1) (37
where
Sw(@, 1) X {E/[1+ (Q — Bu)E21 — E/11 + (Q + Bu) 2 IHQBm) . (38)

When all spinodal wavenumbers are zero, 1(Q) = 0, and equation (36) is reduced to the
form of a normal fractal system given by

Ion(Q) x T'(5 = DY~ sin[(5 — D) tan~ ' (QEN]/Q[1 + @X215- D2 + Q). (39)

This is similar to the equation used by Bale and Schmidt [31]). Figure 3 shows the three
terms in equation (36). Curve (1) is the contribution from I (Q), i.e. from the individual
empty pores. Curve (2) is the ‘structure factor’ for the correlation function of pores, which
originates from the spinodal decomposition process, and its intensity increases in proportion
to the square of the fraction of emptied pores. Curve (3) describes the extra scattering that
appears when pores are partially filled by water, Its intensity increases and then decreases
because its amplitude is weighted by c(1 — ¢).

3. Discussion

It is not our purpose, in this paper, to discuss the dynamic properties of the wavevector
B (i.e. how these parameters vary with time, 7} and the validity of the linear solution of
Czhn’s theory. Calculations of the dynamic structure factor S(Q,t) using equation (36)
require a model for the distribution function w(8) which is associated with 32 f(c)/3c?, «
and M of the system. Cahn [21] states that « varies slowly with varying temperature and
composition. For the later stages of spinodal decomposition, a single wavevector 8, should
give a good approximation for S(@, t), because the amplification factor A(S,t) is close
to a delta function §(8 — f). By fitting with this model, a number of parameters can be
obtained from equation (38} that are all of obvious physical significance—for example the
parameter £y, is associated with the positon of the peak in S{Q, t), the correlation length
£ determined by the width at half height, and has a similar physical significance to the
correlation length in liquid systems. If & increases linearly with A, (where Ay, = 27/8m),
all curves at different quenching times could be overlapped by changing scales. In the more
general case, the correlation length £ is a function of Ay, ie. § = n(t)An.

In figure 4, we demonstrate an example of the fitting process using this model for porous
Vycor. The principal features of typical SANS data from dry Vycor in figure 4 are obtained
using the D17 diffractometer at the ILL and LOQ at ISIS [32]. In order to fit this data, only
the first two terms I; () and f>( () in equation (36) need to be considered, because ¢ = 1,
s0 I3(@) = 0. The data for the dry sample fitted using this model gives f, = 0.0251 A
which corresponds to the density fluctuation wavelength Ay = 250 A, £ =1020 A. It will
be noted that the second term in 7(Q) produces an asymmetry in the peak very close to
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Figure 4. sans intensity versus ¢J for dry solid porous Vycor (Corning 7930} with curve fitted
using the model.
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Figure 5. A log-log plot of 7(Q) versus @ for Vycor containing a water mixture with ratio of
Ha0/D>0 36:64 at a relative humidity of 70% during the desorption process. Smooth curves
are fitted using the model; (1) is 71{@) + f2(2) and {2) is f2(Q).
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the observed data and that the fit is better than could be achieved with any previous models
[15-17].

An interesting phenomenon occurs when porous Vycor is partially saturated with a
matched D>O/H, O water mixture in a ratio of 64:36, which has been chosen to have the
same scattering density as the Vycor matrix. A new scattering component appears in the
very-low-Q region (see figure 5). This very-low-@Q scattering component has a fractal-like
power-law form, which results from the percolation network formed by the pores as they
empty. This is the first diffraction evidence for the inter-pore scale ‘percolation network’
with fractal peometry as predicted by percolation theory [33, 34]; for full details, see [35].
Using this model, we can fit this extra component with the third term 5{Q). Figure 5
illustrates the fitting of the measured scattering intensity 7(Q) for the sample at 70% RH
(relative humidity). As one can see, the fitted profiles (smoothed curves in figure 5) agree
well with the experimental data. The fractal component covers a range of @ from = 0.001 to
0.05 A=, This suggests that the empty pores are connected in a manner reminiscent of silica
aerogels [36] or branching polymers, both of which systems show fractal geometry. The
correlation length &' for the percolation clusters cannot be defined in the present experiment
simply because of the limitation of the QO range. From the lowest O data measured, the
conclusion we draw is that the correlation length is larger than 1000 A for higher-humidity
samples, a distance equivalent to about five times the average pore separation distance.

in summary, the theory derives a dynamic structure factor S(Q,t) based on Cahn’s
linear theory for a systern showing phase separation in the unstable region in the early stages.
Because the initial stages of phase separation are symmetric about ¢y, the density fluctuation
can be described as a series of superimposed sine waves with different wavelengths. As the
phase separation continues, higher-order terms in the diffusion equation {37} will distort the
solution and sharp interfaces may appear. We propose that the first term in equation (36)
could describe these sharp interfaces, and even the rough surfaces in later stages of spinodal
decomposition. Meanwhile any deviation during the desorption or adsorption processes can
be described by the third term in equation (36) as a correction factor,
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